This paper studies the solvability for a boundary value problem for nonlinear fractional differential equation involving the p-Laplacian operator. By using the Banach and Schaefer's fixed point theorems, some results on the existence of a solutions for the model are obtained.
Introduction
In this paper, we are concerned with the existence and uniqueness of solutions of the fractional differential equation involving the p-Laplacian operator (ϕ p (D The equation with a p-Laplacian operator arises in the modeling of different physical and natural phenomena, non-Newtonian mechanics, nonlinear elasticity and glaciology, combustion theory, population biology, nonlinear flow laws and so on, see [4, 5, 8] and their references. Very large number of authors discuss the existence of solutions for boundary value problems for p-laplaciano operator, see [1, 6, 10] and their references. In [3] , the authors studied the existence of solutions for an anti-periodic boundary value problem for the fractional p-Laplacian equation by using Schaefer's fixed point theorem. In [10] , the authors considered the existence and uniqueness of solutions for a discrete boundary value problem of nonlinear fractional differential equations with p-Laplacian by using the contraction mapping theorem and Brouwer fixed point theorem. The rest of this paper is organized as follows. Section 2 contains some necessary notations, definitions and lemmas. In Section 3, we give two results, one based on Banach's fixed point theorem and another one based on Schaefer's fixed point theorem. Finally, in section 4, an example is given to ilustrate our main result.
Preliminaries
In this section, we give some basic definitions and lemmas which are useful for the presentation of our main results. The space E = C[0, 1] is a Banach space equipped with norm u = max 0≤t≤1 |u(t)|.
Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 of a function f : (0, ∞) → R is given by
provided that the right side is pointwise defined on (0, ∞). 
where n = [α]+1, provided that the right side is pointwise defined on (0, ∞). Γ(·) denotes the Gamma function and B(·, ·) denotes the Beta function.
We use the following properties of the p-Laplacian operator, see [7] : (P1) If 1 < p < 2, uv > 0 and |u|,|v| ≥ m > 0, then
(1) If λ > −1,
for some C i ∈ R, i = 1, 2, ..., n, where n = [α] + 1.
Consider the boundary value problemma
3)
where η ∈ (0, 1) and γ ∈ (0,
Then the boundary value problemma (2.3) and (2.4) has a unique solution
where
Proof. Integrating the equation (2.3) from 0 to t, we have
and so,
From Lemma 2.4,
From (2.4), C 2 = C 3 = 0, and hence,
Now, from Remark 2.3,
by boundary condition (2.4), we have
and replacing in (2.5), we obtain
Splitting the second integral in two parts of the form
we have k = γη α−β−1 t α−1 , and thus,
This completes the proof.
Define the operator T : E −→ E by
and T = T 1 • T 0 where 
Existence of solutions
The first result is based on Banach's fixed point theorem.
In the case p > 2, due to
Theorem 3.1. Suppose that p > 2 and the following condition holds. There exist constants λ > 0, 0 < δ < 2 2−q and k with 0 < k < Then the boundary value problem (1.1)-(1.2) has a unique solution.
Proof. By (3.1), we can get
By (2.1), (3.2) and definition of operator T 0 , for any u, v ∈ E, we have
Hence,
. By definition of k, we have 0 < L < 1.
Thus, T is a contraction. As a consequence of Banach's fixed point theorem, T has a unique fixed point in E, which is a solution of the problem (1.1)-(1.2).
Theorem 3.2. Suppose that p > 2 and the following condition holds. There exist constants λ > 0, 0 < δ < 2 2−q and k with 0 < k <
and
Then the boundary value problem (1.1)-(1.2) has a unique solution.
Proof. The inequality f (t, u) ≤ −λδt δ−1 implies that λδt δ−1 ≤ −f (t, u). Therefore, replace f (t, u) by −f (t, u) in the proof of Theorem 3.1.
In the case 1 < p < 2, due to 
and there exists a constant k with 0 < k <
, with
Proof. By (3.3), for t ∈ [0, 1], we have
From (2.2) and (3.4), for any u, v ∈ E, we have
. By definition of k, we have 0 < L < 1. Then
The second result is based on Schaefer's fixed point theorem.
Then the boundary value problem (1.1)-(1.2) has at least one solution on [0, 1].
Proof. The proof will be given in the following two steps.
Step 1. T : E −→ E is completely continuous.
Let Ω ⊂ E be an open bounded subset. By the continuity of f , G 1 and G 2 , we can get thar T is continuous and T (Ω) is bounded.
This shows that the set Σ is bounded. As a consequence of Schaefer's fixed point theorem, we deduce that T has a fixed point which is a solution of the problem (1.1)-(1.2).
Example
Consider the following boundary value problem for the fractional equation: 
